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Abstract

Missingdatais commonin real-world datasetsindis a problemfor mary
estimatiortechniquesWe have developedavariationalBayesiarmethod
to performindependen€omponenAnalysis(ICA) onhigh-dimensional
datacontainingmissingentries.Missingdataarehandlechaturallyin the
Bayesianframenork by integratingthe generatie densitymodel. Mod-
eling the distributionsof theindependensourceswith mixture of Gaus-
siansallows sourcedo beestimatedvith differentkurtosisandskewness.
The variational Bayesianmethodautomaticallydetermineshe dimen-
sionality of the dataandyields an accuratedensitymodel for the ob-
seneddatawithout over tting problems.This allows direct probability
estimationof missingvaluesin the high dimensionalspaceand avoids
dimensionreductionpreprocessingvhich is not feasiblewith missing
data.

1 Intr oduction

Datadensityestimationis animportantstepin mary machindearningproblems.Oftenwe
arefacedwith datacontainingincompleteentries. The datamay be missingdueto mea-
suremenbr recordingfailure. Anotherfrequentcauseis dif culty in collectingcomplete
data.For example,it couldbe expensie andtime consumingo performsomebiomedical
tests.Datascarcityis notuncommorandit would beveryundesirableo discardthosedata
pointswith missingentrieswhenwe alreadyhave a small dataset.Traditionally, missing
dataare lled in by meanimputationor regressionimputationduring preprocessingThis
could introducebiasesinto the datacloud densityand adwerselyaffect subsequenanaly-
sis. A moreprincipledway would be to useprobability densityestimatesf the missing
entriesinsteadof point estimates.A well known exampleof this approachis the useof
Expectation-MaximizatiofEM) algorithmin tting incompletedatawith a single Gaus-
siandensity[5].

Independen€omponenfnalysis(ICA) [4] triesto locateindependenaxeswithin thedata
cloudandwasdevelopedfor blind sourceseparationlt hasbeenappliedto speeclsepara-
tion andanalyzingfMRI andEEGdata.ICA is alsousedto modeldatadensity describing
dataaslinearmixture of independenteaturesand nding projectionghatmayuncoverin-
terestingstructurein the data. Maximumlikelihoodlearningof ICA with incompletedata
hasbeenstudiedby [6], in thelimited caseof a squaranixing matrixandprede nedsource
densities.

Many real-world dataset$iave intrinsic dimensionalitysmallerthenthat of the obsened



data. With missingdata,principal componentinalysiscannotbe usedto performdimen-
sionreductionaspreprocessinfpr ICA. Insteadthe variationalBayesiarmethodapplied
to ICA can handlesmall datasetswith high obsered dimension[1, 2]. The Bayesian
methodpreventsover tting andperformsautomatiaddimensiorreduction.In this paperwe
extendthevariationalBayesiarlCA methodto problemswith missingdata. The probabil-
ity densityestimateof the missingentriescanbe usedto Il in the missingvalues. This
alsoallowsthe densitymodelto bere ned andmademoreaccurate.

2 Model and Theory
2.1 ICA generative modelwith missingdata

Considera datasetof T datapointsin anN -dimensionakpace:X = fx; 2 RNg, tin
fl, ;Tg.Assumea noisyl% generatie modelfor thedata:

P(xtj )= N (X¢jAst+ ; )P(si s)dst 1)

whereA is the mixing matrix, is the obserationmeanand ! is the diagonalnoise
variance.Thehiddensources; is assumedo have L dimensionsEachcomponentf s; is
modeledby a mixtureof K Gaussian$o allow for sourcedensitiesof variouskurtosisand
skewness, |
. * % . -
P(stj s) = ik NC(se(Di s ) )
[ K,

Split eachdatapointinto a missingpartandanobsenedpart: x; = (x?” ;x> ). In this
paper we only considerthe randommissingcase]3], i.e. the probability for the missing
entriesx{" is independenbf the valueof x{", but could dependon the valueof x?. The

likelihoodof thedatasets thende ned tqbe
L(:X)= P(x{j); ®3)

z z

P(xti )= Pxdg)dx{" =  N{j[Ast+ 15[ F)P(si s) dst 4)
Herewe have introducedthe notation[ ]?, which meangtaking only the obseneddimen-
sionsqg:orrespondingo thetth datapoint) of whatever is insidethe squarebraclets. Since
eqn.(4) is similar to egn. (1), the variationalBayesianlCA [1, 2] canbe extendednatu-

rally to handledmissingdata,but only if careis takenin discountingmissingentriesin the
learningrules.

2.2 Variational Bayesianmethod

In afull Bayesiartreatmenttheposteriordistri%tion of theparameters is obtainedby
PXi)P() _ —P&RIP()

whereP (X)) is themaiginal Iikelihoo%of thedataandgivenas:
Y
P(X) = P(x{j )P()d (6)

t
TheICA modelfor P (X) is de ned with thefollowing priorsonthe parameter®( ),

_ . P( 1)=D( 1jdo( 1))
T L )y POE NG (k)i o k) ()
! ! S P( k)= G kja( Kk )ib( K ))
P(n)=NC(nj ol n) oln)) P( n)=G( nja( n)ibu( n)) 8



whereN (), G() andD( ) arethe normal,gammaandDirichlet distributionsa,( ), b (),
do(), of),and () areprechosetnyperparameter®r the priors.

UnderthevariationalBayesiartreatmentjnsteadof performingtheintegrationin eqn.(6)
to solvefor P( jX) directly, we approximatet by Q( ) andoptto minimizetheKullback-
Leibler distanceébetweerthem:

PCIX) 4

KL(Q()P( X)) Q( )flog o0)
Z oy X Py
= Q) logP(x{j ) + log =— d logP(X) (9)
t Q)
Since KL(Q()jP( jX)) 0, wegetalowerboundfor thelog mamginal likelihoodof
thedata,

Z X Z P( )
logP (X) Q()" logP(x%j)d + Q()log=—
t o) ¢

which canalsobe obtainedby applyingthe Jensers inequalityto eqn.(6). Q( ) is then
solvedby functionalmaximizationof thelower bound.A separabl@pproximateposterior
Q( ) will beassumed:

(10)

#
Y Y
Q()=0()Q( ) Q(A)Q( ) Ql ) QU w)Q( w,) = (1)

| Ki

Thesecondermin eqn.(10), which is the negative Kullback-Leiblerdivergencebetween
approximateposteriorQ( )andpriorP( ), canbeexpandeds,

Z Z
PO) P( 1)
X
+|k.zz (|k.)logQE ""I;d 0 (m.)logQE .;d'k'
P(A] ) P()
+ Q(A)Q( )log Q(A) dAd + QZ( )IogQ( )d
Q( )log E;d Q )IogPE ;d (12)

2.3 Specialtr eatmentfor missingdata

Thusfar the analysisfollows almostexactly that of the variationalBayesianlCA on com-
pletedata,exceptthat P (xj ) is replacedoy P (x?j ) in egn.(6) and consequentlthe
missingentriesarediscountedn thelearningrules. However, it would be usefulto obtain
Q(x{"jx?), i.e.,theapproximataistribution on the missingentries whichis givenby

z

Qx{"ix)) = Q() N{j[Ase+ I IMQ(st)dsid : (13)

As notedin [6], elementsof sy givenx? aredependentMore importantly underthe ICA
model,Q(s;) is unlikely to beasingleGaussianThisis evidentfrom gure [Ilwhichshows
the probability density functionsof the datax andhiddenvariables. The insertsshav
the sampledatain the two spaces.Herethe hiddensourcesassumedensityof P(s)) /

exp(j s1j%7). They aremixed noiselessiyto give P (x) in theleft graph. The cutin the

left graphrepresent® (x1jxo =  0:5), which transformsinto a highly correlatedand
non-GaussiaR (sjx; = 0:5).



Figure 1: Pdfsfor thedatax (left) andhiddensourcess (right). Insertsshav the sample
datain thetwo spacesThe“cuts” shaw P (x1jxo = 0:5) andP (sjx2 = 0:5).

Unlesswe are interestedonly in the rst and secondorder statisticsof Q(x{"jx?), we
shouldtry to captureasmuchstructureaspossibleof P (sjx?) in Q(st). In this paperwe
take a slightly differentroutefrom [1, 2] whenperformingvariationalBayesianearning.
First, we breakdown P (s;) (eqn!2) into amixtureof K - Gaussiann theL dimensional
s space.

X

P(St): [1k1 Lk N(St(l)J 1k, 1k1) N (St(L)J Lk L LkL)]
*1 ki

= kN (st 5 «) (14)

k

Herewe have de ned k to be a vectorindex. The “kth” Gaussiaris centeredat , of
inversecovariance , in thesources space,

K= 1k Lk . k= Cwas 5 ke 5 )
) (15)
k= diag( na; ) k= (ki ki k) k=1 K
Log likelihoodfor x? is thenexpandedusingthe Jensersinequality
X
logP(xfj )=1log  « P(xPjs; )N(st ; «)dst
k
z X
Qki)log P(xfjsi IN(si ki W)dsi+ Q) log gy (16)
k k

HereQ(k:) is ashortform for Q(k; = k). k; is adiscretehiddenvariableandQ(k; = k)
is theprobabilitythatthetth datapointbelongsto the kth GaussianRecognizinghats; is
justadummyvariable we introduceQ(sx:), applythe Jensers inequalityagainandget

z
X
logP (x¢] ) Q(kt)  Q(Skt) logP (xPjskt; ) dskt
k
z
N (Skt] ks «) X K

+ skt) log ——————=dsy; + ki) lo 17
Q(s«t) log Q1) Kt ) Q(kt) gQ(kt) (17)
Substitutingog P (x?j ) backinto eqn.(10), thevariationalBayesiarmethodcanbe con-

tinuedasusual. We have drawvn in gure 2 a simpli ed graphicalrepresentatioffior the

generatie modelof variationallCA. x; is theobsenedvariable k; ands; arehiddenvari-

ablesandthe restare model parameterswherek; indicateswhich of the K - expanded
Gaussiangenerated; .



Figure2: A simpli ed directedgraphfor thegeneratie modelof variationallCA. x; is the
obsenedvariable,k; ands; arehiddenvariablesandthe restaremodelparametersThe

k¢ indicateswhich of theK - expandedGaussiangenerated.

3 Learning Rules

Combiningegns.(10/12 and17) we performfunctionalmaximizationon the lower bound
of thelog mamginallikelihood,log P (X), w.r.t. Q( ) (eqn/11), Q(k¢) andQ(sk) (egqnil1?)
andobtainthefollowing Iearningrug?sforthesufcient statisticsof Q( ) andQ(sk¢):

( n)= ol n)+hai Ont

t
e o) ()t hai o Qe Ags)i O
“ )
1 X
a( n) = ao( n)+§ Ont
X X (19)

B W) =b( W+3 on QKM Ansa o)
k

t

X X
(An) =diag(h 1i; h i)+ h i Ont Q(kt) skt Spyi

X xt - (20)
(An)= hai Ou(xn hai)  QkMsgi  (An) *
t k
_ N _ 11X .
a( 1) = ao |)+7 b( 1) = bo( |)+§ PAL i (21)
X X "
d( k) = do( 1)+ Q(kt) (22)
R
( k)= ol k) +hyi Q(kt)
tkEkp p (23)
_ ool k) ol k) +Hhugi ¢ g = Qke)Msie (i
(k)=
( )
1 X X
a( k)= al( )+ > Q(kt)
1xt Ve (24)
B k) = bo( w,)+ > Qk)h(se () i)
t ki=k
Q(skt) = N(sktj (skt); (Skt)
(skt) = diag(h 1k,i; h g i)+ bA”diag(or 1; Ont N)AI (25)

(Skt) (Skt) = h 1y 1ks; Lk. Lk I~ +PAZdiag(orr 15 One N) (Xt )i
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Figure 3: The approximationof Q(x"jx?) from the full missingICA (solid line) and
the polynomialmissingICA (dashedine). Shadedareais the exact posteriorP (x{" jx?)
correspondingo the noiselesamixture in g. [1 with obsered x,=—2. Dottedlines are
contributionfrom theindividual Q(x g} jx?; k).

In the above equationsh i denoteshe expegsationover the posteriordistributions Q( ).
An is thenth row of the mixing matrix A, -, meanspicking out thoseGaussians

suchthatthelth elementof theirindicesk hasthevalueof k, andoy; is abinaryindicator
variablefor whetheror notx,; is obsened.

For amodelof equalnoisevarianceamongall the obsenationdimensionsthe summation
in the learningrulesfor Q( ) would be over botht andn. Note thatthereexists scale
andtranslationabegenerag in the model,asgivenby eqn.(1) and(2). After eachupdate
of Q( 1), Q( K,) andQ( ,). it is betterto rescaleP (s;(l)) to have zeromeanandunit
variance. Q(skt), Q(A), Q( ), Q( ) andQ( ) have to be adjustedcorrespondingly
Finally, Q(k¢) is givenhy,

logQ(kt) = HogP (x{jskt; )+ logN (sktj k: k) logQ(skt)+log «i logz: (26)

wherez; is anormalizationconstantThelowerbounde(X ; Q( )jH) for thelog mamginal
likelihood 2
PO) 4

X
E(X;Q()jH) = t logz: +  Q( )Iogﬁ (27)

canbemonitoredduringlearningandusedfor comparisorof differentsolutionsor models.

4 Filling in missingentries
Theapproximatalistribution Q(x{“szf) canbeobtainedby a summatiorof Q(x}jx¢; K):

X

QIx{"ixg) = Q(ke)  (X{"  Xg)QMXgixei K) dxiy ; (28)
z z

Q(xiuixe k) = Q) NxilAske + I [ IM)Q(ske) dske d (29)

Estimationof Q(x{"jx?) usingthe abose equationss demonstrateéh g. [3. The shaded
areais theexactposteriorP (x[" jx?) for thenoiselessnixingin g. [1 with obsenedx,=-2
andthe solid line is the approximationby eqn.[28729. We have modi ed the variational
ICA of [1] by discountingmissingentriesin the learningrules. The dashedine is the
approximatiorof Q(x{" jx?) from this modi ed method.Thetreatmenbf fully expanding
theK - hiddensourceGaussiansliscussedn section2.3is called“full missinglCA”, and
the modi ed methodis “polynomial missinglCA”. The “full missingICA” givesa more
accuratet for P(x{"jx?) andabetterestimateor hx[™ jx?i.
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Figure4: a)-d) Sourcedensitymodelingby variationalmissinglCA of the syntheticdata.
Histograms:recoveredsourceddistribution; dashedines: original probability densities;
solid line: mixture of Gaussiansnodeledprobability densities;dottedlines: individual
Gaussiarcontritution. €) E(X ; Q( )jH) asafunctionof hiddensourcedimensions.

5 Experiment

5.1 Synthetic Data

In the rst experiment200datapointsweregeneratedby mixing 4 sourcesandomlyin a7

dimensionakpace.The generalizedsaussiangammaandbetadistributionswere usedto

represensourcedensitiesof variousskewnessandkurtosis( g. [4 a)-d)). Noiseat—26 dB
level wasaddedto the dataand missingentrieswere createdwith a probability of 0.3. In

g. [4/a)-d), we plottedthe histogramf the recoreredsourcesandthe probability density
functions(pdf) of the 4 sourcesThe dashedine is the exactpdf usedto generate¢he data
and solid line is the modeledpdf by mixture of two 1-D Gaussiangeqn.2). Fig.[4 e)
plots the lower boundof log maminal likelihood (eqn/27) for modelsassumingdifferent
numberof intrinsic dimensionsAs expectedthe Bayesiartreatmentllows usto theinfer
theintrinsic dimensiorof thedatacloud. In the gure, wealsoplottheE(X ; Q( )jH) from

thepolynomialmissingICA. It is clearthatthefull missinglICA gaveabettert tothedata
density Furthermorethe polynomialmissinglCA corvergesslower perepochof learning,
suffersfrom mary morelocal minimaandproblemsgetworsewith highermissingrate.

5.2 Mixing Images

This experimentdemonstratethe ability of the proposednethodto Il in missingvalues
while performingdemixing. The 1stcolumnin g. 5 shavs the 2 original 380-by-380
pixelsimages.They werelinearly mixedinto 3 imagesand—20dB noisewasadded.20%
missingentrieswereintroducedrandomly The denoisednixturesandrecoveredsources
arein the 3rd and4th columnsof g. [5. 0.8%of the pixelsweremissingfrom all 3 mixed
imagesandcould not berecovered. 38.4%0f the pixelsweremissingfrom only 1 mixed
imageandcouldbe lled in with low uncertainty 9.6% of the pixels were missingfrom
ary two of the mixedimages.Estimationof their valuesincurredhigh uncertainty From
g. [5, we canseethatthe sourceimageswerewell separatedndthe mixedimageswere
nicely denoised.The denoisedmixedimagesin this examplewereonly meantto visually
illustratethe method.However, if (x1;X2; X3) representholesterolplood sugaranduric
acidlevel, for example,it would bepossibleto Il in thethird whenonly two areavailable.

6 Conclusion

In this paperwe derivedthelearningrulesfor variationalBayesiarlCA with missingdata.
The compleity of the methodis exponentialin L. However, this exponentialgrowth in



Figure5: A demonstratiomf recoreringmissingvalues.Theoriginalimagesarein the 1st
column.20%of thepixelsin themixedimageg2ndcolumn)aremissing,while only 0.8%
aremissingfrom thedenoisednixed (3rd column)andseparate@mages4th column).

compleity is manageabland worthwhile for small datasetscontainingmissingentries
in a high dimensionakpace.The proposednethodshavs promisein analyzingandiden-
tifying projectionsof datasetghat have a very limited numberof expensve datapoints
yet containmissingentriesdueto datascarcity We have appliedthe variationalmissing
ICA to aprimatesbrainvolumetricdatasetontainingd4 examplesn 57 dimensionsVery
encouragingesultswereobtainedandwill bereportedn anothempaper
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