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Abstract

Missingdatais commonin real-world datasetsandis aproblemfor many
estimationtechniques.WehavedevelopedavariationalBayesianmethod
to performIndependentComponentAnalysis(ICA) onhigh-dimensional
datacontainingmissingentries.Missingdataarehandlednaturallyin the
Bayesianframework by integratingthegenerative densitymodel. Mod-
eling thedistributionsof theindependentsourceswith mixtureof Gaus-
siansallowssourcesto beestimatedwith differentkurtosisandskewness.
The variationalBayesianmethodautomaticallydeterminesthe dimen-
sionality of the dataand yields an accuratedensitymodel for the ob-
serveddatawithout over�tting problems.This allows directprobability
estimationof missingvaluesin the high dimensionalspaceandavoids
dimensionreductionpreprocessingwhich is not feasiblewith missing
data.

1 Intr oduction

Datadensityestimationis animportantstepin many machinelearningproblems.Oftenwe
arefacedwith datacontainingincompleteentries.Thedatamay be missingdueto mea-
surementor recordingfailure. Anotherfrequentcauseis dif�culty in collectingcomplete
data.For example,it couldbeexpensiveandtime consumingto performsomebiomedical
tests.Datascarcityis notuncommonandit wouldbeveryundesirableto discardthosedata
pointswith missingentrieswhenwe alreadyhave a small dataset.Traditionally, missing
dataare�lled in by meanimputationor regressionimputationduringpreprocessing.This
could introducebiasesinto thedataclouddensityandadverselyaffect subsequentanaly-
sis. A moreprincipledway would be to useprobability densityestimatesof the missing
entriesinsteadof point estimates.A well known exampleof this approachis the useof
Expectation-Maximization(EM) algorithmin �tting incompletedatawith a singleGaus-
siandensity[5].

IndependentComponentAnalysis(ICA) [4] triesto locateindependentaxeswithin thedata
cloudandwasdevelopedfor blind sourceseparation.It hasbeenappliedto speechsepara-
tion andanalyzingfMRI andEEGdata.ICA is alsousedto modeldatadensity, describing
dataaslinearmixtureof independentfeaturesand�nding projectionsthatmayuncoverin-
terestingstructurein thedata.Maximumlikelihoodlearningof ICA with incompletedata
hasbeenstudiedby [6], in thelimited caseof asquaremixing matrixandprede�nedsource
densities.

Many real-world datasetshave intrinsic dimensionalitysmallerthenthat of the observed



data. With missingdata,principalcomponentanalysiscannotbe usedto performdimen-
sionreductionaspreprocessingfor ICA. Instead,thevariationalBayesianmethodapplied
to ICA can handlesmall datasetswith high observed dimension[1, 2]. The Bayesian
methodpreventsover�tting andperformsautomaticdimensionreduction.In thispaper, we
extendthevariationalBayesianICA methodto problemswith missingdata.Theprobabil-
ity densityestimateof the missingentriescanbe usedto �ll in the missingvalues.This
alsoallows thedensitymodelto bere�ned andmademoreaccurate.

2 Model and Theory

2.1 ICA generativemodelwith missingdata

Considera datasetof T datapointsin an N -dimensionalspace:X = f x t 2 R N g, t in
f 1; � � � ; Tg. AssumeanoisyICA generativemodelfor thedata:

P(x t j� ) =
Z

N (x t jAs t + � ; 	 )P(st j� s) dst (1)

whereA is themixing matrix, � is theobservationmeanand	 � 1 is the diagonalnoise
variance.Thehiddensourcest is assumedto haveL dimensions.Eachcomponentof st is
modeledby amixtureof K Gaussiansto allow for sourcedensitiesof variouskurtosisand
skewness,

P(st j� s) =
LY

l

 
KX

k l

� lk l N (st (l )j� lk l ; � lk l )

!

(2)

Split eachdatapoint into a missingpartandanobservedpart: x >
t = (xo>

t ; xm >
t ). In this

paper, we only considerthe randommissingcase[3], i.e. theprobability for themissing
entriesxm

t is independentof thevalueof xm
t , but could dependon thevalueof x o

t . The
likelihoodof thedatasetis thende�ned to be

L(� ; X ) =
Y

t

P(xo
t j� ) ; (3)

P(xo
t j� ) =

Z
P(x t j� ) dxm

t =
Z

N (xo
t j[As t + � ]ot ; [	 ]ot )P(st j� s) dst (4)

Herewe have introducedthenotation[�]ot , which meanstakingonly theobserveddimen-
sions(correspondingto thetth datapoint) of whatever is insidethesquarebrackets.Since
eqn.(4) is similar to eqn.(1), the variationalBayesianICA [1, 2] canbe extendednatu-
rally to handledmissingdata,but only if careis takenin discountingmissingentriesin the
learningrules.

2.2 Variational Bayesianmethod

In a full Bayesiantreatment,theposteriordistributionof theparameters� is obtainedby

P(� jX ) =
P(X j� )P(� )

P(X )
=

Q
t P(xo

t j� )P(� )
P(X )

(5)

whereP(X ) is themarginal likelihoodof thedataandgivenas:

P(X ) =
Z Y

t

P(xo
t j� )P(� ) d� (6)

TheICA modelfor P(X ) is de�ned with thefollowing priorson theparametersP(� ),

P(Anl ) = N (Anl j0; � l )

P(� l ) = G(� l jao(� l ); bo(� l ))

P(� l ) = D(� l jdo(� l ))

P(� lk l ) = N (� lk l j� o(� lk l ); � o(� lk l ))

P(� lk l ) = G(� lk l jao(� lk l ); bo(� lk l ))
(7)

P(� n ) = N (� n j� o(� n ); � o(� n )) P(	 n ) = G(	 n jao(	 n ); bo(	 n )) (8)



whereN (�), G(�) andD(�) arethenormal,gammaandDirichlet distributions.ao(�), bo(�),
do(�), � o(�), and� o(�) areprechosenhyperparametersfor thepriors.

UnderthevariationalBayesiantreatment,insteadof performingtheintegrationin eqn.(6)
to solvefor P(� jX ) directly, weapproximateit by Q(� ) andoptto minimizetheKullback-
Leibler distancebetweenthem:

� K L(Q(� )jP(� jX )) =
Z

Q(� ) log
P(� jX )

Q(� )
d�

=
Z

Q(� )

"
X

t

logP(xo
t j� ) + log

P(� )
Q(� )

#

d� � logP(X ) (9)

Since� K L(Q(� )jP(� jX )) � 0, we geta lower boundfor the log marginal likelihoodof
thedata,

logP(X ) �
Z

Q(� )
X

t

logP(xo
t j� ) d� +

Z
Q(� ) log

P(� )
Q(� )

d� ; (10)

which canalsobe obtainedby applyingtheJensen's inequalityto eqn.(6). Q(� ) is then
solvedby functionalmaximizationof thelower bound.A separableapproximateposterior
Q(� ) will beassumed:

Q(� ) = Q(� )Q(	 ) � Q(A )Q(� ) �
Y

l

"

Q(� l )
Y

k l

Q(� lk l )Q(� lk l )

#

: (11)

Thesecondtermin eqn.(10), which is thenegative Kullback-Leiblerdivergencebetween
approximateposteriorQ(� ) andprior P(� ), canbeexpandedas,

Z
Q(� ) log

P(� )
Q(� )

d� =
X

l

Z
Q(� l ) log

P(� l )
Q(� l )

d� l

+
X

l k l

Z
Q(� lk l ) log

P(� lk l )
Q(� lk l )

d� lk l +
X

l k l

Z
Q(� lk l ) log

P(� lk l )
Q(� lk l )

d� lk l

+
ZZ

Q(A )Q(� ) log
P(A j� )
Q(A )

dA d� +
Z

Q(� ) log
P(� )
Q(� )

d�

+
Z

Q(� ) log
P(� )
Q(� )

d� +
Z

Q(	 ) log
P(	 )
Q(	 )

d	 (12)

2.3 Specialtr eatmentfor missingdata

Thusfar theanalysisfollows almostexactly thatof thevariationalBayesianICA on com-
pletedata,except that P(x t j� ) is replacedby P(xo

t j� ) in eqn.(6) andconsequentlythe
missingentriesarediscountedin thelearningrules.However, it would beusefulto obtain
Q(xm

t jxo
t ), i.e., theapproximatedistributionon themissingentries,which is givenby

Q(xm
t jxo

t ) =
Z

Q(� )
Z

N (xm
t j[As t + � ]mt ; [	 ]mt )Q(st ) dst d� : (13)

As notedin [6], elementsof st givenxo
t aredependent.More importantly, undertheICA

model,Q(st ) is unlikely to beasingleGaussian.This is evidentfrom �gure 1 whichshows
the probability densityfunctionsof the datax andhiddenvariables. The insertsshow
the sampledatain the two spaces.Herethe hiddensourcesassumedensityof P(sl ) /
exp(�j sl j0:7). They aremixednoiselesslyto give P(x) in the left graph. The cut in the
left graphrepresentsP(x1jx2 = � 0:5), which transformsinto a highly correlatedand
non-GaussianP(sjx2 = � 0:5).
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Figure1: Pdfsfor thedatax (left) andhiddensourcess (right). Insertsshow thesample
datain thetwo spaces.The“cuts” show P(x1 jx2 = � 0:5) andP(sjx2 = � 0:5).

Unlesswe are interestedonly in the �rst and secondorder statisticsof Q(x m
t jxo

t ), we
shouldtry to captureasmuchstructureaspossibleof P(st jxo

t ) in Q(st ). In this paper, we
take a slightly differentroutefrom [1, 2] whenperformingvariationalBayesianlearning.
First,we breakdown P(st ) (eqn.2) into a mixtureof K L Gaussiansin theL dimensional
s space.

P(st ) =
X

k1

� �
X

kL

[� 1k1 � � � � � Lk L � N (st (1)j� 1k1 � 1k1 ) � � � �N (st (L )j� Lk L � Lk L )]

=
X

k

� k N (st j� k ; � k ) (14)

Herewe have de�ned k to be a vector index. The “kth” Gaussianis centeredat � k , of
inversecovariance� k , in thesources space,

� k = � 1k1 � � � � � � Lk L

� k = diag(� 1k1 ; � � � � Lk L )
� k = (� 1k1 ; � � � ; � lk l ; � � � ; � Lk L )>

k = (k1; � � � ; kl ; � � � ; kL )> ; kl = 1; � � � ; K
(15)

Log likelihoodfor xo
t is thenexpandedusingtheJensen's inequality,

logP(xo
t j� ) = log

X

k

� k

Z
P(xo

t jst ; � ) N (st j� k ; � k ) dst

�
X

k

Q(k t ) log
Z

P(xo
t jst ; � )N (st j� k ; � k ) dst +

X

k

Q(k t ) log
� k

Q(k t )
(16)

HereQ(k t ) is ashortform for Q(k t = k). k t is adiscretehiddenvariableandQ(k t = k)
is theprobabilitythatthetth datapointbelongsto thekth Gaussian.Recognizingthatst is
just adummyvariable,we introduceQ(sk t ), applytheJensen's inequalityagainandget

logP(xo
t j� ) �

X

k

Q(k t )
� Z

Q(sk t ) logP(xo
t jsk t ; � ) dsk t

+
Z

Q(sk t ) log
N (sk t j� k ; � k )

Q(sk t )
dsk t

�
+

X

k

Q(k t ) log
� k

Q(k t )
(17)

SubstitutinglogP(xo
t j� ) backinto eqn.(10), thevariationalBayesianmethodcanbecon-

tinuedasusual. We have drawn in �gure 2 a simpli�ed graphicalrepresentationfor the
generativemodelof variationalICA. x t is theobservedvariable,k t andst arehiddenvari-
ablesandthe restaremodelparameters,wherek t indicateswhich of the K L expanded
Gaussiansgeneratedst .
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Figure2: A simpli�ed directedgraphfor thegenerativemodelof variationalICA. x t is the
observedvariable,k t andst arehiddenvariablesandtherestaremodelparameters.The
k t indicateswhichof theK L expandedGaussiansgeneratedst .

3 Learning Rules

Combiningeqns.(10,12 and17) we performfunctionalmaximizationon thelower bound
of thelog marginallikelihood,logP(X ), w.r.t. Q(� ) (eqn.11), Q(k t ) andQ(sk t ) (eqn.17)
andobtainthefollowing learningrulesfor thesuf�cient statisticsof Q(� ) andQ(sk t ):

�( � n ) = � o(� n ) + h	 n i
X

t

ont

� (� n ) =
� o(� n )� o(� n ) + h	 n i

P
t ont

P
k Q(k t )h(xnt � A n �sk t )i

�( � n )

(18)

a(	 n ) = ao(	 n ) +
1
2

X

t

ont

b(	 n ) = bo(	 n ) +
1
2

X

t

ont

X

k

Q(k t )h(xnt � A n �sk t � � n )2 i
(19)

� (A n � ) = diag(h� 1 i ; � � � h� L i ) + h	 n i
X

t

ont

X

k

Q(k t )hsk t s>
k t i

� (A n � ) =

 

h	 n i
X

t

ont (xnt � h� n i )
X

k

Q(k t )hs>
k t i

!

� (A n � )� 1
(20)

a(� l ) = ao(� l ) +
N
2

b(� l ) = bo(� l ) +
1
2

X

n

hA2
nl i (21)

d(� lk ) = do(� lk ) +
X

t

X

k l = k

Q(k t ) (22)

�( � lk l ) = � o(� lk l ) + h� lk l i
X

t

X

k l = k

Q(k t )

� (� lk l ) =
� o(� lk l )� o(� lk l ) + h� lk l i

P
t

P
k l = k Q(k t )hsk t (l )i

�( � lk l )

(23)

a(� lk l ) = ao(� lk l ) +
1
2

X

t

X

k l = k

Q(k t )

b(� lk l ) = bo(� lk l ) +
1
2

X

t

X

k l = k

Q(k t )h(sk t (l ) � � lk l )
2 i

(24)

Q(sk t ) = N (sk t j� (sk t ); � (sk t ))

� (sk t ) = diag(h� 1k 1 i ; � � � h� L k L i ) + hA > diag(o1t 	 1; � � � oN t 	 N ) A i (25)

� (sk t )� (sk t ) = h� 1k 1 � 1k 1 ; � � � � L k L � L k L i > + hA > diag(o1t 	 1; � � � oN t 	 N ) (x t � � )i
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Figure 3: The approximationof Q(xm
t jxo

t ) from the full missingICA (solid line) and
thepolynomialmissingICA (dashedline). Shadedareais theexact posteriorP(x m

t jxo
t )

correspondingto the noiselessmixture in �g. 1 with observed x2=–2. Dotted lines are
contribution from theindividualQ(x m

k t jx
o
t ; k).

In the above equations,h�i denotesthe expectationover the posteriordistributionsQ(�).
A n � is the nth row of the mixing matrix A ,

P
k l = k meanspicking out thoseGaussians

suchthatthel th elementof their indicesk hasthevalueof k, andont is a binaryindicator
variablefor whetheror not xnt is observed.

For a modelof equalnoisevarianceamongall theobservationdimensions,thesummation
in the learningrulesfor Q(	 ) would be over both t andn. Note that thereexists scale
andtranslationaldegeneracy in themodel,asgivenby eqn.(1) and(2). After eachupdate
of Q(� l ), Q(� lk l ) andQ(� lk l ), it is betterto rescaleP(st (l )) to have zeromeanandunit
variance. Q(sk t ), Q(A ), Q(� ), Q(� ) andQ(	 ) have to be adjustedcorrespondingly.
Finally, Q(k t ) is givenby,

logQ(k t ) = hlogP(xo
t jsk t ; � ) + logN (sk t j� k ; � k ) � logQ(sk t ) + log� k i � logzt (26)

wherezt is anormalizationconstant.ThelowerboundE(X ; Q(� )jH ) for thelog marginal
likelihood

E(X ; Q(� )jH ) =
X

t

logzt +
Z

Q(� ) log
P(� )
Q(� )

d� (27)

canbemonitoredduringlearningandusedfor comparisonof differentsolutionsor models.

4 Filling in missingentries

TheapproximatedistributionQ(xm
t jxo

t ) canbeobtainedby asummationof Q(x m
k t jx

o
t ; k):

Q(xm
t jxo

t ) =
X

k

Q(k t )
Z

� (xm
t � xm

k t )Q(xm
k t jx

o
t ; k) dxm

k t ; (28)

Q(xm
k t jx

o
t ; k) =

Z
Q(� )

Z
N (xm

k t j[As k t + � ]mt ; [	 ]mt )Q(sk t ) dsk t d� (29)

Estimationof Q(xm
t jxo

t ) usingtheabove equationsis demonstratedin �g. 3. Theshaded
areais theexactposteriorP(xm

t jxo
t ) for thenoiselessmixing in �g. 1 with observedx2=–2

andthe solid line is the approximationby eqn.28–29. We have modi�ed the variational
ICA of [1] by discountingmissingentriesin the learningrules. The dashedline is the
approximationof Q(xm

t jxo
t ) from thismodi�ed method.Thetreatmentof fully expanding

theK L hiddensourceGaussiansdiscussedin section2.3 is called“full missingICA”, and
the modi�ed methodis “polynomial missingICA”. The “full missingICA” givesa more
accurate�t for P(xm

t jxo
t ) anda betterestimatefor hxm

t jxo
t i .
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Figure4: a)-d)Sourcedensitymodelingby variationalmissingICA of thesyntheticdata.
Histograms:recoveredsourcesdistribution; dashedlines: original probability densities;
solid line: mixture of Gaussiansmodeledprobability densities;dottedlines: individual
Gaussiancontribution. e)E(X ; Q(� )jH ) asa functionof hiddensourcedimensions.

5 Experiment

5.1 SyntheticData

In the�rst experiment,200datapointsweregeneratedby mixing 4 sourcesrandomlyin a7
dimensionalspace.ThegeneralizedGaussian,gammaandbetadistributionswereusedto
representsourcedensitiesof variousskewnessandkurtosis(�g. 4 a)-d)). Noiseat –26dB
level wasaddedto thedataandmissingentrieswerecreatedwith a probabilityof 0.3. In
�g. 4 a)-d),we plottedthehistogramsof therecoveredsourcesandtheprobabilitydensity
functions(pdf) of the4 sources.Thedashedline is theexactpdf usedto generatethedata
andsolid line is the modeledpdf by mixture of two 1-D Gaussians(eqn. 2). Fig. 4 e)
plots the lower boundof log marginal likelihood(eqn.27) for modelsassumingdifferent
numbersof intrinsicdimensions.As expected,theBayesiantreatmentallowsusto theinfer
theintrinsicdimensionof thedatacloud.In the�gure, wealsoplot theE(X ; Q(� )jH ) from
thepolynomialmissingICA. It is clearthatthefull missingICA gaveabetter�t to thedata
density. Furthermore,thepolynomialmissingICA convergesslowerperepochof learning,
suffersfrom many morelocalminimaandproblemsgetworsewith highermissingrate.

5.2 Mixing Images

This experimentdemonstratestheability of theproposedmethodto �ll in missingvalues
while performingdemixing. The 1st column in �g. 5 shows the 2 original 380-by-380
pixelsimages.They werelinearly mixedinto 3 imagesand–20dB noisewasadded.20%
missingentrieswereintroducedrandomly. Thedenoisedmixturesandrecoveredsources
arein the3rd and4th columnsof �g. 5. 0.8%of thepixelsweremissingfrom all 3 mixed
imagesandcouldnot berecovered.38.4%of thepixelsweremissingfrom only 1 mixed
imageandcouldbe �lled in with low uncertainty. 9.6%of thepixelsweremissingfrom
any two of themixed images.Estimationof their valuesincurredhigh uncertainty. From
�g. 5, we canseethat thesourceimageswerewell separatedandthemixed imageswere
nicely denoised.Thedenoisedmixedimagesin this examplewereonly meantto visually
illustratethemethod.However, if (x1; x2; x3) representcholesterol,bloodsugaranduric
acidlevel, for example,it wouldbepossibleto �ll in thethird whenonly two areavailable.

6 Conclusion

In thispaper, wederivedthelearningrulesfor variationalBayesianICA with missingdata.
The complexity of the methodis exponentialin L . However, this exponentialgrowth in
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Figure5: A demonstrationof recoveringmissingvalues.Theoriginal imagesarein the1st
column.20%of thepixelsin themixedimages(2ndcolumn)aremissing,while only 0.8%
aremissingfrom thedenoisedmixed(3rdcolumn)andseparatedimages(4thcolumn).

complexity is manageableandworthwhile for small datasetscontainingmissingentries
in a high dimensionalspace.Theproposedmethodshows promisein analyzingandiden-
tifying projectionsof datasetsthat have a very limited numberof expensive datapoints
yet containmissingentriesdueto datascarcity. We have appliedthevariationalmissing
ICA to aprimatesbrainvolumetricdatasetcontaining44examplesin 57dimensions.Very
encouragingresultswereobtainedandwill bereportedin anotherpaper.
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