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Thescreeningof a spiral field
in a 2D complexGinzburg—Landauequation
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Thestabilityof one-dimensionaldark strips,i.e.Nozaki—Bekkitypesolutions,relativeto smallandfinite perturbationsin a 2D
complexGinzburg—Landauequationis investigatedanalyticallyandnumerically. It is shownthat’in a linear approximationin
theregion— = <x< ~, 0 ~ L, Nozaki—Bekkistrip (NBS) solutionsarestablein a definiterangeof parameters.Theregimeof
coexistenceof NBS andchaotically walking spirals— boundeddefectmediatedturbulence— is found. In this regime thetime
averageddefectdensityin a rectangleboundedby parallel NBS solutionsdependsonly on thevalueof supercnticality.Sucha
turbulentregime transforms,in a certainregionof parameters,to a regimeof spatio-temporalsynchronizationwhenthespirals
arearrangedperiodically.Thephenomenonof spiralfield screeningby aNBS field is shown.Thisphenomenonis responsiblefor
spatiallocalizationof turbulentregimes.

1. In thelastfew yearsregularandchaoticdynam-
80

ics oflocalizeddefectsinnonequilibriummediahave — = — Q tanh(kx), (3)
ôx

beenactivelyinvestigatedin the literature(see,e.g.,
refs. [1—3]).One of the mostconsistentmodelsfor where w= (a— ~8)Q2 + fi is the frequency, and
such an analysis is a CGLE describingoscillatory Q= (2k2—1) /3ka is the wavenumber.Theparam-
medianearthe Hopfbifurcation, eter1/kdescribesthewidth of theholeandk is found

from the equation
8,a=a+(l+ia)V2a—(l+iflflal2a, (1)

[4(fl—a)+ 18a(l +a2)]k4
wherea is a complexvaluedescribingthe phaseand
the amplitudeof the field envelope(orderparame- — [4(fl—a)+9a(l+afl)]k2+ (fl—a)=O. (4)
ter) while a andfi are realparameters[4,5]. Most Solution (2) tendsasymptotically,as x—4 ±co, to a
resultshavebeenobtainedby computeranalysis[1] planewavesolutionwith wavenumber~ Q. Theam-
but thereare also analyticalsolutions,includingan plitudeofthe holesolutionturnsto zerowhenx= 0.
exactsolutionofthe lD CGLE in theform ofa “dark The dynamicsof the one-dimensionaldefects(2)
soliton” or hole solution.Thissolutionwasfirst ob- consideredherehasbeenstudiedin ampledetail (see,
tamedby NozalciandBekki [6] ~. Theexplicit form e.g.,refs. [8—12]).
of the hole solutionis given by An isolatedspiral solution,
a

1=A(x,t)exp[—iwt+iO(x)] , (2)
_____ a2=F(r) exp[—iwt—im~~+i6(r)], (5)

whereA(x, t)=~/l—Q
2 tanh(k~),the phase0 ful-

fills the equation is most frequently encounteredin analysesof 2D
COLE.Here (r, ~,)arepolarcoordinates,m is a top-

~ An analogoussolutionfor a conservativesystem,a nonlinear ologicalcharge(only solutionswith m = ±1 are sta-
Schrodingerequation,was obtainedby Hasegawaand Tap- ble [13]), w= (a— /3) Q2+ /3 is the frequencyof ro-
pertin 1973 [7]. tation, and Q is an asymptoticwavenumberthat
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dependson a and/3 [13]. Thefunctions F(r) and Â(ã, a~,x)={(l+iw)
0(r) may be representedfor r>> 1 in asymptotic + (1 +ia) [ö~ +2i0~Oô~— (a~0)2+ic9~0]
forms,

_2(l+iI3)IA~2}a_(1+iJ3)A2a*. (9)

F(r)= (1 —Q2) 1/2_ (1 +a2)Q2(1 —Q2) “2(a—fl) r By separatingin eq. (8) the realand the imaginary
parts (a=u+iv) we obtain the following system,

+O(r2) , (6)

+a/3 a~(u)=(Ji+S)(u),s=ô~(i ia), (10)
0(r)=Qr+ 2~a—fl)ln(r)+O(r’). (7) v

whereA is alinearoperatorthatdependsonly on the
Much attentionhas also beengiven to the investi-
gation ofthe stabilityandinteractionof spirals [14— spatialcoordinatex.

We will seeksolutionsof (10) in the form
16].

In spiteof the substantialdifferencebetweenthe (u(x~y, t)) (Un(x~t))w() , (11)
holes (2) andthespirals(5), theirbehaviorsaspoint v(x,y, t) = ~ V~(x,t)
defectsin oscillatory mediahavemuch in common
and from this point of view solution (5) is often where W~(y) is the eigenfunctionof operator8~ in
consideredas a two-dimensionalanalogof (2). theregion~E [0, L] correspondingto theeigenvalue

In this paperwewill show that solution (2) may p,,. For example, W~(y)=exp(ik,,y),k~=2xn/L,
be directly generalizedto the caseof a 2D medium p~= — k~for periodicboundaryconditions.For the
and the generalizedsolution, i.e. the NBS, will be amplitudesU~(x,t) and V~(x,t) we have the fol-
stable.We will alsodemonstrateby meansof a corn- lowing equation,
puterexperimentfascinatingphenomenaassociated (Un~A(Un~+( 1 (12)1 —a)(Un\
with theinteractionof theNBS patternsandspirals: 8~~ ~
screeningof the spiral field by NBS, localizationof
defectmediatedturbulence,as well asspaceandtime It shouldbe notedthat this region of the hole sta-
synchronizationof spiralsby a NBS field. bility (2) within theCGLE in aone-dimensionalcase

containsan interval fin (flu, $2) for a=0 (seerefs.
[9,10]). At the sametime, it is clearfrom (12) that

2. Considera two-dimensionalGinzburg—Landau for a=0 the secondterm in the right-handside of
equationin the region ~={—oo<x<oo, 0~y~L}. eq. (12) shifts the spectrumof the operatorA,
Periodic boundaryconditionsare chosenalong the a(A), along the realaxis to the left (p.= — k~<0)
spatialcoordinatey. Thenit is apparentthat theNo- and,consequently,a(A+S) belongsto the left half-
zaki—Bekki hole solution (2) of a one-dimensional plane,giventhatc(A) liesto theleft of therealaxis.
COLE will also be a solution of a two-dimensional Thisstatementis alsovalid for sufficientlysmallval-
equationuniform along the y-coordinate.Thus, in uesof a by virtue of thecontinuousdependenceof
whatfollows we will be interestedin the solution of theoperatorspectrumin theright-handsideof (12)
eq. (1) in the 2D casein form (2) (NBS solution). on the parametera.

First of all we will show that solution (2) is lin- Thus,wecancontendthatthe NBS solutionis sta-
earlystablewith respecttwo-dimensionalperturba- ble relativeto 2D perturbationsin a certainregion
tions of the field. The evolutionof a small pertur- of the (a, /3) plane.The problemof stability of the
bationã(x,y, t) ofamplitudeA(x,t) of thesolution NBS solution of the CGLE in a 2D casefor suffi-
a

1 (x, 1) to eq. (1) is describedby a linearequation, ciently small valuesof the parametera reducesto

81d=A(à,d~,x)+ (l+ia)ö~ã, (8) theproblemof stability of solution (2) oftheCGLE
in a 1D case.The latter problem wasbroadlydis-

where cussedin the literature.We canreferthe reader,for

instance,to theresultsof refs. [8—10],wherethesta-
bility regionof the hole solution for the ID CGLE
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wasconstructedon the (a,fi) plane. (a)

3. Numericalexperimentshavedemonstratedthe
stability of the NBS in a two-dimensionalmedium
relativeto finite perturbations.Weemployedfor the
integrationofeq. (1) a pseudo-spectralmethod[17]
basedon FFT with periodicboundaryconditions.
Theregionof integrationhadthesize150x 150, the
numberof FFT harmonicswastakentobe256X 256
or 512x512, and the integrationstepwas approxi-
matelyo.l.

The mostimportant,andto a certainextentun-
expected,result is the following: nonlocalizedNBS
arenotdestroyedby 2D patternsof finite amplitude
andmaycoexist,in particular,with spiralsfor rather
long times T?~l0~,their mutualdynamicsdepend-
ing significantly on the choiceof the parametersa -~ ______________ _____

and/3.
Thelevel lines for the amplitudeandphaseof the (b)

field snapshotat /3=2 anda= 0.2 are presentedin
fig. 1. In thepresenceof NBS,thepreset“spot” con-
tainingspiralschaoticallyarrangedin spaceevolves
ratherfast into a sequenceof spiralsarrangedalong
one line at almostequaldistancesfrom oneanother.
Further,the topologyof this establishedfield distri-
bution remainsunchangedthroughoutthe integra-
tion interval T~l0~.

Figure2 showsthefield distribution thatcontains
only the NBS solutionandis stableat the sameval-
uesof the parameters/3=2 anda= 0.2. The longi-
tudinal structureof the field is givenin fig. 3 for a
certainfixed valueof y = const. It is typical for the
solution of a 1 D Ginzburg—Landauequation (see,
e.g.,ref. [8]). Theholesandthe shocksseparating
them are well pronouncedin the picture.Thus, in x
the caseof interestnotonly individual nonlocalized
solutionsbut also the field as a whole, including Fig. 1. Level linesof amplitude(a) andphase(b) of anestab-

lishedfield distnbutionfor /1=2,a= 0.2 and T= 10~.A regular
shocks,havea structureuniform along the spatial distributionof thespiralsdemonstratestheeffect of spatialself-

coordinatej’. organizationunderrandominitial conditions.

Forothervaluesof the parameters,the spiralsare
neverregularlyarrangedin thepresenceof NBS.The thesnapshotin fig. 5) givingbirth ofnumerousspi-
snapshotof the field shown in fig. 4 is for /3=2, ralswith topologicalchargesof differentsigns.A lit-
a= 0.1 (as the starting field distribution we chose tle later, a spatialdistribution is establishedwhich
theonegivenin fig. 2).Thefield evolvestothisstate containsseveralnonlocalizedNBS slowly drifting
as follows. First, additionalNBS are formedin the along the x-axis and a family of spiralswhoseco-
medium,with the uniform field structurepersisting ordinatesvarychaoticallyin time. An analogoussit-
along y (i.e. the mediumbehavesas one-dimen- uation is depictedin fig. 6 wherethe spiralsare lo-
sional).Thenpartofthestructuresaredestroyed(see calized only in one region between NBS (this
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~

0

Fig. 2. Level lines of theamplitudeof anestablishedfield distri-
bution.Theparametersarethesameasin fig. 1 but theinitial (b)
conditionsaredifferent.A comparisonof figs. 1 and2 showsthat
finite perturbationsareneededfor thebirth of spirals. )

~ ~ ~ ~ o~~1
02 X

~J Fig. 4. Level lines of amplitude (a) andphase(b) ofanestab-
lished field distribution for /1=2,a= 0.1 andT= 1 o~.The field

X distributionpresentedin fig. 2 is takenasinitial condition. For
0.0 i theseparametervaluesadditionalNBS arebornin theinitial me-0 50 100 150 200 250

dium, thenpart of them aredestroyedgiving nseto defectme-
• • • diatedturbulence.Fig. 3. Longitudinalstructureof thefield aty= 0 corresponding

to thesnapshotin fig. 2.
ratherfast to the regularform shown in fig. 7.

snapshotof the field was taken at other initial Thus,dependingon the valuesof the parameters
conditions). aand/3, wecandistinguishtwo principalregimesof

Notethat if the field distributionpresentedin fig. coexistenceof NBS andspirals.In the first casethe
4 is takenasthe initial oneandthe equationis in- spiraldynamicsiscompletelysuppressedby thefield
tegratedat /3=2, a= 0.2, then the systemscomes of nonlocalizedNBS and the spirals are arranged
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Fig. 5. Level linesof amplitudeofadeveloping(T= 3 X l0~)field (b)
distributionfor/1=2,a= 0.1 andinitial conditionsasin fig. 2. A
NBS deformedin thetransversedirectionis observedin theright-
handsideof thebox atthemomentprecedingdestruction.

0

along one line at a maximal distancefrom these
structures.In the secondcasethe spiralsretaintheir 0
own dynamicsand move chaotically in spacebe-
tweenthe neighboringnonlocalizedNBS. It is es-
sential that the NBS screenthe neighboringregion
from the actionof spirals. b

The planeof the parametersa, /3 containing re-
gionsof differentdynamicsisshownin fig. 8 [18,19],
wherethevaluesof theparametersatwhich thephe- I
nomenaof interestwereobservedare marked.

_(~ I
__ I

4. Oneofthemostremarkableconsequencesofthe
effectsobservedis that a boundedturbulent region Fig. 6. Level linesof amplitude (a) andphase(b) of anestab-

lishedfield distribution for/1=2,a= 0.1 andT= 1 0~.Thedistri-
may exist in an unbounded(alongx) strip of the butioncontainingapair ofNBS anda few randomlylocatedspi-

nonequilibrium medium describedby the COLE. rals is takenasinitial condition. Thedensityof spiralsdepends
Actually, this meansthata finite-dimensionalstrange only on theparameters(cf. fig. 4).

attractormay exist ina systemwith aninfinite Rey-
noldsnumber. tortionslookslike a chainof coupled,closelyplaced

It is not clearyet how the different NBS interact localizedfield singularitiesof spiral pair type.
with oneanotherandwhetherthey maybemutually Finally,it isextremelyimportanttoclarify therole
synchronized (when the radiated waves are in of the boundaryconditionsalongy andtheir effect
phase).Theproblemof the intrinsicstructureof the on the stability of the NBS.
NBSalsoremainsopen.Numericalexperimentsshow It is not excluded,of course,thatpart of the non-
thatthestructureof theNBS at strongtransversedis- localizedstructuresobservedin the experimentwill
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(a) 7
EU

1 SP

-- __ i
X Fig. 8. Theplaneof theparametersa and /1. Presentedarethe

Benjamin—Fairlimit (dottedline, BF); thelongwavelengthEck-
(b) 1111111 - hauslimit with Q(a,/3) correspondingto 2Dspirals(solid line,

EH); andtheabsolutestability limit for 2D spirals(solid line,
SP) [18]. Markedarethevaluesof theparameterscorrespond-
ing to theregimesobserved:(0) developeddefectmediatedtur-
bulence,NBSaredestroyed;(0) defectmediatedturbulencein
theregionbetweenstableNBS (seefigs. 4, 6); (A) spatialself-
organizationof spiralsin theregionbetweenstableNBS (seefigs.
1, 7); (~)quasistationaryspatialdisorderof spirals,NBS are
destroyed.

ulationof the COLE. Thismay occur,in particular,
due to an additional small termin (1) of theform

— a
4a generatedby the numericalscheme.

Wewould like to add thatthephenomenonof tur-

m bulentlocalizationin aboundedregionwasobtained

in experimentson bimodal convectionwith large

1 Prandtl numbers.The boundarybetweenthe tur-bulentandthecoherentregionswas unstablebutvery
X long-lived [201.

Fig. 7. Level lines of amplitude(a) andphase(b) of an estab-
lished field distributionfor /1=2anda= 0.2. Thefield distnbu- The authors appreciatefruitful discussionswith
tion depictedin fig. 4 is takenas initial condition. This is still H. Abarbanel,I. AransonandA.L. Fabrikant.
another confirmation of the phenomenonof spatial self-
organization.
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